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Abstract. For fibred boundary and fibred cusp metrics, Hausel, Hunsicker, and Mazzeo 
identified the space of L 2 harmonic forms of fixed degree with the images of maps between 
intersection cohomology groups of an associated stratified space obtained by collapsing the 
fibres of the fibration at infinity onto its base. In the present paper, we obtain a gener- 
alization of this result to situations where, rather than a fibration at infinity, there is a 
Riemannian foliation with compact leaves admitting a resolution by a fibration. If the asso- 
ciated stratified space (obtained now by collapsing the leaves of the foliation) is a Witt space 
and if the metric considered is a foliated cusp metric, then no such resolution is required. 



The Hodge theorem states that for a complete, compact Riemannian manifold without 
boundary, the space of L 2 harmonic forms - the 'Hodge cohomology' - is isomorphic to 
the de Rham cohomology. For manifolds that are either not complete or not compact, no 
general relationship between the Hodge cohomology and a topological invariant is known, 
but there is a wealth of Hodge type theorems in various settings: on manifolds with cylin- 
drical ends [2J, on singular algebraic varieties [Bj, on locally symmetric spaces [22], [22] 5 on 
asymptotically geometrically finite hyperbolic quotients [T7], [TH], and the well-known work 
of Cheeger [5] and Nagase [20] (see also [1]), which relates the Hodge cohomology of mani- 
folds with iterated conical singularities with the intersection cohomology groups of Goresky 
and Macpherson, [12], [13]. These same intersection cohomology groups appear in the work 
of Hausel, Hunsicker, and Mazzeo [H] on the Hodge cohomology of fibred boundary and 
fibred cusp metrics, two natural geometries defined on a smooth manifold whose boundary 
is diffeomorphic to a fibration. 

Our goal in this paper is to extend the results of Hausel, Hunsicker, and Mazzeo to the 
more general case where the boundary is diffeomorphic to a Seifert fibration. A Seifert 
fibration is, loosely speaking, a foliation whose space of leaves is an orbifold. See Section [2] 
for a detailed description. On such manifolds, fibred boundary and fibred cusp metrics have 
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natural analogues: foliated boundary and foliated cusp metrics as introduced in [23] , and it 
is these metrics whose Hodge cohomology we study here. To keep the analysis part of the 
paper tractable, we will further assume that the Seifert fibration is good, meaning that the 
space of leaves of the boundary foliation is the quotient of a smooth compact manifold by 
a smooth, properly discontinuous action of a finite group. This condition is needed only in 
Section [4], and we hope to remove it in a future work. 

Thus, let M be a non-compact manifold inside a compact, smooth manifold with boundary 
M, whose boundary dM = M — M is the total space of a Seifert fibration J 7 , for the moment 
not necessarily good. Let B denote the space of leaves of T , and let 

(1) 7r:dM — >B 

be the associated projection. Let x be a boundary defining function (b.d.f.) for dM, i.e. 
x e C°°(M) with k _1 (0) = dM, dx\ dM ^ and x > on M. For small e > 0, the 
set x _1 ([0,e)) is diffeomorphic to dM x [0,e) x , and we extend the projection ix to this 
neighborhood of the boundary in the obvious way. Then an exact foliated boundary 
metric is a Riemannian metric which on dM x [0, e) x takes the form 

dx 2 7c*h 

(2) 9T = ~i+-r + k, 

x^ x 

where h is an orbifold Riemannian metric on B and A; is a (0, 2)-tensor which restricts to a 
Riemannian metric on each leaf of the foliation J 7 . Similarly, an exact foliated cusp metric 
is a metric of the form 

dx 2 

(3) g T - c := — + h + x 2 k, 

x z 

with h and k as above. General (i.e. non-exact) foliated metrics are permitted to have "cross- 
terms" ; see Section |3j When the base B of the Seifert fibration is smooth, T corresponds 
to the fibres of a smooth fibration, and we recover from these definitions the notion of exact 
fibred boundary metric and exact fibred cusp metric considered for instance in [T4"] . 

For a choice of foliated boundary or foliated cusp metric g on M, let L 2 l-L k {M,g) denote 
the space of L 2 harmonic forms of degree k, i.e. those lo G Q k (M) with |M| L2( - 9 ) < oo solving 
doj — and 5u = 0, where 5 is the adjoint of d with respect to the L 2 norm induced by g. 
To relate L 2 U k {M,g) with some topological data, we consider, instead of M, the space X 
obtained by collapsing the leaves of the foliation on dM onto the space of leaves B. To be 
precise, let 

(4) X := M I ~, where p ~ q <^=^ p = q or p, q e dM with ir(p) = 7r(g). 

There is a corresponding collapsing map : M — > X which is the identity on M and is given 
by the projection tt on dM. We identify B with c n (dM) C X. The space X is a (smoothly) 
stratified space (see for instance [T] or [S] for a definition), and as such, the intersection 
homology and cohomology groups of Goresky and MacPherson [T2] can be defined thereon. 
These groups are not homotopically invariant like singular homology and cohomology groups, 
but they are topological invariants. They are defined in terms of a perversity function, i.e. 
a map p : {0,1, ... ,n} — > N satisfying p(£) < p(£ + 1) < p(£) + 1, and a stratification, i.e. 
is a nested sequence 

(5) X D X n _ 2 D ■ ■ ■ D Xj D • • ■ D Xq, 
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where X — X n _2 is a smooth manifold and Xj — Xj-i is either empty or a manifold of 
dimension j. The group IH^(X) is the k th co homology group of the complex of cochains 
defined on chains which intersect each stratum of codimension I in a set of dimension at most 
k — i + p(£). The original intersection homology theory was developed for standard perver- 
sities, i.e. those satisfying the additional condition p(0) = p(l) = 0, but general perversities 
are now in common use, see e.g. [H], [21]. For standard perversities, the group IH^(X) turns 
out to be independent of the stratification. For more on intersection cohomology, see [3]. 
Let 

dimM 
dim B 
n — b — 1, 



n 

(6) b 

f 



so / is the dimension of a typical leaf of J 7 . As we discuss in Section |2j X carries a natural 
stratification induced by the orbifold structure of the space of leaves, B. In particular, 
the spaces X n _2i • • • , X n _ are all equal to B. In Corollary 07] below, we show that the 
intersection cohomology of X depends only on p(/ + 1). Thus, thefollowing definition makes 
sense. For j e N, let 



H k (X-B) if j<-l 



(7) IHf(X,B):={ M«(X) where p(/ + l)=j. if < j < / - 1 

H\X,B) if f<j, 

c.f. Section 2.2, equation (9) of [T3j . 

Theorem 1. Let M be a manifold with boundary, DM = M — M . Let T be a good Seifert 
fibration on DM , and let gjr be a foliated boundary metric on M . Then for any degree 
< k < n, there are natural isomorphisms 



L 2 U\M,g T ) 



Im {m k f+k p_ k (X, B) — ► IH k f+b _^_ k {X, B)) b odd 

IH k f+b __ k (X,B) ' L b even, 



with B as in (§ andX as in (§. 

Theorem 2. Notation and assumptions as in Theorem^ let gjr_ c be a foliated cusp metric 
on M . Then for < k < n, there is a natural isomorphism 

L 2 H\M,g^ c ) — ► Im (IH^X,B) — ► IH*(X,B)) 
where m and m are the lower middle and upper middle perversities, (see Section^) 



As in [2], when A is a Witt space (again, see Section [5]), the result simplifies, since 
IH^(X,B) = IH^(X,B), and the proof involves softer analytical methods. In particular, it 
does not requires the Seifert fibration J 7 to be good. This gives the following. 

Theorem 3. Let M be a manifold with boundary, dM = M — M. Let T be a Seifert fibration 
on dM, and let g^- c be a foliated cusp metric on M. If the space X described above is Witt, 
then there are natural isomorphisms 

L 2 n*{M,g^ c ) Hl 2) {M,g T _ c ) IH*JX,B), 
where H? 2 JM, gj^- c ) is the L 2 -cohomology of (M, gjr_ c ) . 
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When the boundary foliation is induced by a fibration, these theorems reduce to the results 
of [H]. Moreover, Theorems [l] and [2] simplify if the typical leaf is a quotient of a sphere by 
the free, properly discontinuous action of a finite group, for then X itself is an orbifold. Since 
the intersection cohomology of an orbifold is isomorphic to the singular cohomology for any 



standard perversity (a well-known fact, see Theorem 19 below), this leads to the following 
analogues of Corollaries 1 and 2 from [TJ]. 

Corollary 4. Let (M,gj^) satisfy the assumptions of Theorem^ and assume that the typical 
leaf is the quotient of a sphere by the free, properly discontinuous action of a finite group. 
Then for any degree < k < n, there are natural isomorphisms 



H k {X,B) k< b - x 



2 



L 2 U k (M,g T ) = < 



Im (H k (X,B) — > H k (X)) k = + 1 
H k (X) < k < n - 6+1 

lm(H k (X) — >H k (X\B)) k 

H k (X \B) k>n-^ 



2 2 



if b is odd, and 



H k (X,B) k< 

k( v\ b 



2 



L 2 H k (M,g T )= { H k (X) l<k<n 
H k (X\B) k>n-~ 



2 

if b is even. 

Corollary 5. Let (M,gjr_ c ) satisfy the assumptions of Theorem^ and assume that the 
typical leaf is the quotient of a sphere by the free properly discontinuous action of a finite 
group. Then for any degree < k < n, 

L 2 U k (M,g^ c ) = H* (2) (M,g^ c ) = H k (X). 

The structure of the present paper is closely related to that of [H]. There, the authors 
begin by identifying the intersection cohomology groups with the cohomology of a complex 
of weighted differential forms. They then equate the Hodge cohomology with the images of 
maps of certain weighted cohomology groups. Combining these two results gives Theorems 
[l] and [2] in the fibration case. The lion's share of the work, and all of the analysis, is in 
the second step. Here, the reverse is true; most of the work lies in identifying intersection 
cohomology with weighted cohomology, whereas the identification of Hodge cohomology with 
(images of maps of) weighted cohomology follows directly from the arguments in [13], which 
we use essentially black box. 

Acknowledgements. We are grateful to Markus Banagl and Eugenie Hunsicker for some 
helpful correspondence. 

2. Seifert fibrations and STRATIFIED SPACES 

As in [11], by "Seifert fibration" , we mean the natural generalization of Seifert fibrations on 
3-manifolds to arbitrary dimensions. A Seifert fibration on a compact manifold M is, simply 
put, a Riemannian foliation J 7 with compact leaves. Since the space of leaves has naturally 
the structure of an effective orbifold, see for instance [UJ or |19j . there is an alternative 
definition involving orbibundles, which we describe now following [UJ. First, we recall the 
definition of an orbifold (see for instance [26]). 
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Definition 6. An n- dimensional smooth orbifold is a second countable Hausdorff space B 
such that: 

(i) B has a covering by a collection of open sets {Ui} closed under finite intersections. 
For each Ui, there is a finite group Tj with a smooth action (on the right) on an open 
subset Ui C W 1 and a homeomorphism ipi \ Ui/Yi — > Ui. 

(ii) Whenever Ui C Uj, there is an injective homomorphism v^: Tj — > Tj and an embed- 
ding (fij : Ui — > Uj equivariant with respect to v; L j and making the following diagram 
commute, 

U t U t /T t - Ui 



<Pij 



fij=Vij/Ti 



Ui 



Ui 



The quadruple (Ui,Ui, IV ipi) is called an orbifold chart and the collection of orbifold 
charts is called an orbifold atlas. 

We say an orbifold is effective if, for all orbifold charts (Ui,Ui, IV </?j), the action of Tj on 
Ui is effective, i.e. the identity of Tj is the only element which acts as the identity map. On 
an orbifold, we can consider bundles which are compatible with the orbifold structure. 

Definition 7. Let B be an orbifold and F a smooth manifold. Then a smooth orbibundle 
with fibre F is an orbifold Y together with a surjective continuous map n: Y —t B satisfying 
the following: 

(i) B admits an orbifold atlas of orbifold charts (Ui,Ui,Ti,{pi) such that for each i, there 
is a smooth action ofTi onUiX F making the projection Ui x F — >■ Ui IV equivariant, 
and there is a homeomorphism ipi: (Ui x F)/Yi —t 7r _1 (Wj) inducing the following 
commutative diagram, 

U,xF {Ui x F)/Vi — n-\Ui) 



u 



U t /T t 



u. 



(ii) Whenever U C Uj, there exists a IV equivariant embedding tp^: Ui x F — >■ Uj x F 
making the following diagram commutes, 



U 



Ui x F 

4>ij 



Uj 



Uj x F 



{Ui x F)/Vi — 
{U 3 x F)/Ti — 



</>7 



{UjXF)/Tj^it-\Uj). 
In particular, the collection {K~ x (Ui),Ui x F, Tj,^) form an orbifold atlas for Y. 

Remark 8. Without loss of generality, we can assume that in the orbifold chart (n~ 1 (Ui),UiX 
F, Ti, ipi), the action o/Tj onUiX F is induced by the action on Ui and a fixed action on F, 

{u, f) ■ 7 = {u ■ 7, / • 7), u G Ui, feF, 7 G IV 
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Indeed, if the action is not already of this form, one can use a Ti-equivariant connection for 
the fibration Ui x F — >■ Ui and parallel transport to identify each fibre above Hi with a fixed 
one. With such an identification, the action of Fi is of the desired form. 

We can now define Seifert fibrations in terms of orbibundles. 

Definition 9. A Seifert fibration is an orbibundle for which the total space Y is a smooth 
manifold, that is, such that the F{ actions onUi x F are free for each i. 

Remark 10. As explained in (TTJ Remark 1.3], there is no loss of generality in assuming 
that the space of leaves of a Seifert fibration is an effective orbifold. For this reason, we will 
assume that all the orbifolds considered are effective unless otherwise specified. 

In Section |4j we will consider the following special case. 

Definition 11. A foliation J 7 on Y is a good Seifert fibration if it arises as follows: 

(i) Y = Y/F where Y is a smooth compact manifold on which a finite group F acts on 
the right by diffeomorphisms freely and properly dis continuously. The manifold Y is 
the total space of a fibration 

(8) F *Y 

TT 

B 

where the base B is a closed manifold and the fibre F is a smooth manifold. The 
group F acts smoothly on B in such a way that 

n(y ■ 7) = n(y) -7, V y G Y, 7 G F. 

(ii) The leaves of the foliation T are given by the images of the fibres of the fibration 
7r: Y —t- B under the quotient map 

(9) q^.Y^Y. 

Thus the leaves of the foliation are given by qn{^~ 1 {y)) f or V £ B. 

Let M be a smooth manifold with boundary DM equipped with a Seifert fibration J 7 . 
Denote by M the interior of M. Let B be the space of leaves and let 7r : DM — > B be the 
associated projection. Since B is an orbifold, we know (see for instance [221 § 4.4.10]) that 
it has a natural induced stratification defined in terms of the isotropy types of the points on 
B, which are defined as follows. If (U, U, F, (p) is an orbifold chart for an open neighborhood 
U of a point p G B, then the isotropy type of p, denoted [I p ], is the isomorphism class of 
the isotropy group Ip of p under the action of F, where p is any point in ip~ 1 (p). As can 
be readily checked, the isotropy type depends neither on the choice of p nor on the orbifold 
chart. In terms of the isotropy type, the stratification of B is given by 

(10) B = B h D D ■■■ D B x D B , with6 = dimS, 

where the stratum Bi is the disjoint union of all the strata of dimension i of the form 



S [r] = {peB: [I p ] = [F]}, 
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where the closure is taken in B and [I p ] = [Y] means that the group I p is isomorphic to the 
group T. That (10) is a well-defined stratification can be seen locally in an orbifold chart 
by using the corresponding result about the stratification of manifolds admitting a smooth 
group action, see for instance [5]. Recall that the depth 5(5^]) of a stratum Sp] of B is the 
biggest integer k such that there exists different strata s , . . . , Sk-i such that 

so ^ -si ^ . . . C Sfc l C Sk ■- s [T] . 

The depth of B is 

6(B) = sup{5(5[r]) : S[r] is a stratum of B}. 

Let X be the singular space given in Q. Then X is naturally a stratified space with 
stratification 

induced by of B, i.e. 



X n D X n _i D X n _ 2 D • ■ ■ D Xi D X { 

X, j = n, 
X 3 := { B, b<j<n, 



o 



j<6. 

With this stratification, the depth of X is one more than that of B, i.e. S(X) = 5(B) + 1. 

We will now discuss regular neighborhoods for points p G B C X . We will use the following 
standard notation for cones; given e > and a topological space Z, set 

C e (Z) :=Zx [0,e]/Z x {0}. 

Lemma 12. Given p G B C X , Ze£ T represent the isotropy type [I p ] of p in B. Let b — d 
be the smallest dimension of a stratum S^] in B containing p. Then there exists a smooth 
compact T-manifold F and a smooth T action on the unit ball M d such that the T action on 
M d x F is free and p has a regular neighborhood in X of the form 

(11) U = M b - d x d(L), 

where L = L/Y and L is the stratified space, with the obvious induced Y action, obtained 
from M d x F by collapsing the boundary fibration dM d x F — > dM d onto its base. If d = 0, 
then L — F. See Figure [i| Furthermore, 

(12) 5(L) < 5(X). 



Proof. Let V C B be an open neighborhood of p and (V, V, Y, ip) an associated orbifold chart. 
Without loss of generality, we can assume that V and the associated orbifold chart are chosen 
in such a way that there is a unique p G V such that ip o q(p) = p, where q: V — > V /Y is 
the quotient map. This means the action of Y on V fixes p, so that the isotropy type of p is 
precisely the isomorphism class of the group Y. By taking V even smaller if needed, we know 
by the tube theorem for smooth Lie group actions (see for instance Theorem 2.4.1 in [U]), 
that we can assume V is a linear representation of Y. Putting an invariant inner product on 
V, we thus see there is a decomposition 

V = V r x V' 

obtained by taking the orthogonal projection on the subvector space V r of points fixed by 
T. Note that if d = then V = V. By Remark p and at the cost of taking V even smaller, 
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we can assume the Seifert fibration on DM restricted to V lifts on V to a T-equivariant 
fibration, 

pr : V x F ->• V, 

where F is a smooth compact r-manifold and pr is the projection on the first factor. The 
smooth action of T on the total space V x F is free and we thus have a quotient map 
q: V x F — > W onto the total space W C dM of the Seifert fibration lying above V C B. 

Let B yr be the open unit ball in V T . Let M v ' xRx be the unit ball in V' x R x and let 
jgV'xKz = -^v'xr x n {x > 0} be the corresponding half-ball. With T acting trivially on 
[0,e) x and assuming without loss of generality that e > 1, we see that M vT x B^' xR * is 
an open subset of V x [0, e) x which is preserved by the action of T. Thus, it descends to 
an open subset in W x [0, e) x C M. Under the collapsing map c n : M — > X, this open 
subset is mapped to a regular neighborhood U of p G X. To see this, notice that under 
the identification B^' xRa: ^ Ci(Sj' xRa: ), where §^' xR - is the corresponding half-sphere, the 
action of T on Ci(S+ xR:c ) is induced from an action on S y xRx . Similarly, the action of T on 
Ci(§+ xRx x F) is induced from a corresponding action on §J'*xF. This action descends 
to the stratified space L given by 

(13) L = §l' xR * x Fj ~, 

where 

^ (s 1 Ji) = (s 2 J 2 )ors 1 = s 2 ed§l' xR *, 

see Figure [lj If L — L/Y is the corresponding stratified space obtained by taking the 
quotient with respect to this action, then the above identification shows there is a natural 
homeomorphism 

U = U r x d(L). 



If d — 0, then V = {0} and L = F. Finally, to establish ([12), note that if d > 0, then the 
depth of L is given by 

5{L) = 1 + 5(d§>l' xR */T) 



and that the depth of <9§ + x "/r is strictly less than the depth of B. Thus (12) follows from 



5(X) = 5(B) + 1 in this case. If d = 0, then L is smooth, so 5(L) = < 1 = <5(X) and (12) 



follows again. □ 

Definition 13. We will refer to the space U = ~B b ~ d x C\(L) with its natural action of T 
and quotient map q: U — > U as a resolution ofU. 



3. From intersection cohomology to weighted cohomology 

We will now relate the intersection cohomology of X to the cohomology of a complex of 
sheaves of weighted L 2 differential forms. The proof will use sheaf theory and will be local 
on the space of leaves of the boundary foliation. For this reason, we do not yet require that 
the Seifert fibration on the boundary be good. The main ingredient reducing the discussion 
to local considerations is the following fundamental result from [T3J p. 104], cf. Proposition 1 
in PH. 
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Figure 1. the space L from (13), where § 



jV'xl 



is written simply as 



Proposition 14 Q13J). Let X be a stratified space, and let (C*,d) be a complex of fine 
sheaves on X with cohomology H*(X, £). Suppose that if U is a neighborhood in the principal 
(smooth) stratum of X, then H*(U, C) = H*(U, C), while if q lies in a stratum of codimension 
£ and U — V x Ci(L) as in (JlT|) ; then 



(14) 



H*(U,C) - IH*{U) 



IH k (L), k <£-2-p(£), 



0. 



k >e-i-p(£). 



Then there is a natural isomorphism between the hypercohomology M*(X, £*) associated to 
this complex of sheaves and IH*(X), the intersection cohomology with perversity p. 

Before we continue, we take a moment to give the general definition of foliated boundary 
and foliated cusp metrics, following [23]. Foliated boundary metrics are metrics on a vector 
bundle over the compact manifold with boundary M, defined as follows. First, for a fixed 
boundary defining function x and a choice of foliation J 7 on dM, we have the space of foliated 
cusp vector fields 

Vt(M) = {ie r(TM) : £x = x 2 C°°(M) and £\ dM G T(TJ^)} . 

This set of vector fields over M is a Lie algebra under Lie bracket. It can be identified with 
the space of smooth sections of the vector bundle ^TM, whose fibre at each point peM 
is the set Vj?(M)/ (X p (M)Vj-(M)) , where X p (M) C C°°(M) is the ideal of smooth functions 
vanishing at p. Then a foliated boundary metric is a Riemannian metric gjr on M induced 
by the identification TM = T TM \ , , and a choice of a Euclidean metric on the bundle T TM. 
A foliated cusp metric is a Riemannian metric on M of the form gj- c = x 2 gjr for some 
foliated boundary metric gj on M. When J 7 is a Seifert fibration, examples of such metrics 
are given by the exact foliated boundary and exact foliated cusp metrics described in the 
introduction. 

Given an open set U C X, Let L 2 Q k (gjr_ c , U) denote the completion of the space of com- 
pactly supported differential fc-forms on U — B with respect to the L 2 -norm induced by gr-c-, 



and let x a L 2 Q k (gjr_ c ,U) denote the space of currents u satisfying x a u 
By considering the subspace 

x a L 2 n k (gr- c , U) := {u G x a L 2 Q k (g^ c , U) du e x a L 2 Q k+1 (g^ c , 



E L 2 n k (g^ c ,U). 



U)}, 
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we obtain a complex 

(15) • • • 4 x a L 2 d Q k (g^ c , U) 4 x a L 2 d n k+1 (g T „ c , U) 4 • • • 
The corresponding cohomology groups are given by 

, \luE x a L 2 {l k (g T _ c , U):du = 0} 

(16) WH k (gj:- c ,a,U)- 1 1 



R G x a Lm k (g T _ c , U) : ( G x-L^~\g T _ c , U)} 
For a foliated boundary metric, gjr, we consider instead the complex 

(17) • • • 4 x^Lfo^igr, U) 4 x a L d n\g^ U) 4 x a+1 L d Q k+ \g^, U) 4 • • • , 
where this time 

x a L 2 d Q k {g T , U) = {ue x a L 2 Q k {g T , U) : dw G x a+1 L 2 Q k+1 {g T , U)}. 

The corresponding cohomology groups are then denoted by 

{w G x a L 2 n k (g T , U):du = 0} 
>W (<^,a,[/) := {rfc I ^m^ig^U) : C G ^Mfl^' 

For a fixed boundary foliation J 7 and a fixed boundary defining function x G C°°(M), the 
space x a L d Q k (gjr, U) and thus the group WH k (gjr, a, U) do not depend on the choice of the 
foliated boundary metric g?. Indeed, if g? and g'-p are two foliated boundary metrics, then 
by the compactness of M there exists a constant C > such that 

so the weighted L 2 spaces, and thus the cohomologies, are the same for either metric. The 
same invariance holds for foliated cusp metrics. In particular, we may assume that x 2 gjr = 
g T - c - It follows that x a L 2 VL k {g T , U) = x n/2 ~ k+a L 2 £l k (gjr^ c , U), and consequently that 

(18) WH k (g T , a, U) = WH k (g T _ Cj (n/2) - k + a, U). 

Because we will work predominantly with fibred cusp metrics in this section, and because 
the particular choice of fibred cusp metric does not effect the weighted cohomology, we will 
often write simply 

WH k (a,U) :=WH k (gr_ c ,a,U). 



As explained in Section 2.1 of [M] using the Kodaira decomposition theorem, the same invari- 
ance under quasi-isometries holds for Hodge cohomology. For instance, for any two foliated 
cusp metrics g^- c and g'jr_ c associated to the same choices of foliation J 7 and boundary 
defining function x, L 2 H k (M } g'j?_ c ) = L 2 H k (M, g T _ c ). 

The purpose of this section is to prove the following analogue of Proposition 2 in [H] . 

Theorem 15. Let M be a manifold with boundary foliated by a Seifert fibration J 7 , and let 
gj-c be an associated foliated cusp metric on M. Suppose that k — 1 + a — //2 7^ whenever 
H k (F) ^ 0. Then 

(19) WH*(g T „ c ,a,M) ~ IH( a+f/2] (X, B), 

where [a + f /2] is the greatest integer less than or equal to a + / /2. 
We notice two easy consequences of the theorem. 
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Corollary 16. If k — 1 



//2 ^ whenever H k (F) ^ 0, then the differential in the 



complex (15) has closed range. 



Proof. By the theorem, WH*(gjr_ c , a, M) is finite dimensional, so the differential must have 
closed range. □ 



Corollary 17. The intersection cohomology IH*(X) depends only on p(f + 1). 

Proof. Use the identification (19) with a£l such that 2a ^ Z and [a+ |] = p(/ + 1). □ 



The main tool in the proof of Theorem 15 is Proposition 14 To apply this proposition 



we must know that the sheaf which associates to each open set U C X the complex in (15) 
is fine. Indeed, given an open cover {Ok} keK , we can choose a subcover {Ui} ieI so that each 



Ui is a regular neighborhood as in (11) with a resolution q: Ui — > Ui. Let {Vi\ i&1 be yet 

another subcover so that Vi C Ui. Let Vi = q^iV/). If Ui is supported away from B, let 
Pi G C°°(Ui) be a nonnegative function with compact support equal to 1 on V*. On the other 
hand, if Ui intersects B, we are assuming that Ui is of the form U = M b x C t (F). Thus, 
there is a projection n : Ui — > M b x [0, e) x given by 

n(b,x,f) = (b,x). 

Let fa G C°°(B b x [0,e) x ) be a nonnegative smooth function with compact support such 
that TT*<f)i is equal to 1 on Vi and is constant near x = 0. Clearly, since 7r*4>i is constant 
along F, the norm of d(jr*(pi) is bounded with respect to a choice of fibred cusp metric on 
U. Averaging with respect to T, we can assume fa is T- invariant. Thus, the function 7r*fa 
descends to a smooth function pi with compact support on Ui. As usual, the functions 
Xi '■= Pi/J2Pj form a partition of unity subordinate to the cover {Ok} keK . The fact that 
the differential d\i has norm bounded with respect to a choice of foliated cusp metric insures 
that it acts by multiplication on x a L^Q h (gjr_ c , Ui). Thus, the associated sheaf is fine. 



As a preliminary to the proof of Theorem 15 , we discuss the computation of the weighted 
cohomology of C e (F) from Proposition 2 of [Hj. There, they show that, provided 

(20) k-l + a-f/2^0 whenever H k (F)^0, 

we have 

H k (F) if jfc < J/2 
if k > f/2 

If i: F — > C e (F) is the inclusion of F into F x {e}, then the isomorphism with H k (F) in 
the case k < f /2 — a is induced by i. Since we will need the proof in a moment, we recall 
it now but direct the reader to [H] for more details. By the L 2 -Kiinneth theorem from 



(21) 



WH k (a,C e (F)) 



a 
a. 



as long as (20) holds, WH k (a, C e (F)) is isomorphic to 
(22) 



WH° ((0, e), dx 2 /x 2 , k + a- f/2) ® H k (F) 
WH 1 ((0, e), dx 2 /x 2 , k — l + a — f/2) ® H k ^ 1 (F) 



It is trivial to check that WH 1 ((0, e), dx 2 /x 2 , b) = if b ^ 0, and that WH° ((0, e), dx 2 /x 2 , b) 



is for b > and C for b < 0. Combining these two facts with (22) proves (21), and the 



naturality of the Kiinneth formula shows that the isomorphism is induced by the inclusion 

L. 
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For the space L in Lemma 
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if d — 1 we can use the exact same argument to compute its 
weighted cohomology. In this case, L = [0, l] x x F/({0} xFU {1} x F), and by invariance, 
we can take the fibred cusp metric on L to be g = f^ 1 (x)dx 2 + f(x)k, where / is a smooth 
positive function on (0, 1) with 

(23) /(*) = 



[x 



2 for x < 1/4 
l) 2 for x > 3/4, 



and A; is a metric on F. An argument identical to that of the previous paragraph yields (21 ) 
with C e (F) replaced by L in (21) and dx 2 /x 2 replaced by dx 2 /f in (22). In fact, if for small 
e > 0, we consider C € (F) A L, where i{x, f) = (x, /), then we have shown that 



(24) 



l*\ WH k (a,L) — ► WH k (a,C e (F)) 



is an isomorphism (provided (20) holds). 

To obtain a similar result for d > 1, consider the following sequence of inclusions 



(25) 



Ce(F) 



L 



d(L) 



where i is defined as follows. Near the boundary of B d , let (x, y) be coordinates where x is 
a b.d.f. and y is a coordinate on the sphere. Then set 



(26) i{x, f) := (x, y, f) for some fixed but arbitrary y. 
Endow C e {F) with the pullback metric. 

Lemma 18. If k — 1 + a — ^ ^ whenever H k (F) ^ 0, then the induced mappings 

l*: WH k (a,L) — ► WH k (a,CJF)) 

(27) 1 J 

j* : WH k (a,Ci(L)) — > WH k (a, L). 

are isomorphisms. 



Proof. To see that t* is an isomorphism, we will proceed by induction on d, (24) being the 
base case. Assume the result holds for d < m — 1. We need to show the result holds for 
d = m. Let (y 1 , . . . ,y d ) denote the standard coordinates on M. d and consider the open sets 
in M d given by 

U={y=(y\...,y d )eM d :y 1 <l/2} 
V = {y = (y l ,...,y d )eM d :y 1 >-l/2}. 

Let U = pr _1 (f/) and V = pr _1 (V^) be the corresponding open sets in L, where pr: L = 
M d x Fj ~ — > M d is the natural projection. Since L — U U V, there is an induced Mayer- 
Vietoris sequence 

• • • A WH k -\a, UnV)^ WH k (a, L) h 
(29) 2 ~ ~ „ 

WH k (a, U) © WH k (a, V) 4 WH k (a, U n V) A • • • 
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Since B d_1 x F j ~ is a deformation retract oi U r\V through maps which preserve the 
stratification, we see by our induction hypothesis that 

WH k (a, U n V) ~ WH k (a, C e {F)). 

Since U and V both retract onto C e (F) (again, preserving the stratification), we also have 
canonical identifications 

WH k (a, U) = WH k (a, C e {F)), WH k (a, V) = WH k (a, C £ (F)). 

In terms of these identifications, the map A is given by 

A : WH k (a, C e (F)) © WH k (a, C e (F)) -> WH k (a,C e (F)) 

and is surjective. The boundary homomorphism S is therefore trivial and the map ip gives 
an isomorphism 

WH k (a,L) ker A = WH k (a, C e (F)). 

Since ip corresponds to the map 1* under the identification ker A = WH k (a, C e (F)), we see 
l* induces an isomorphism in weighted cohomology. 

To see that j* induces an isomorphism, notice that since C e (F) is a deformation retract 
of Ci(L), we easily see that 

1* o f: Wff fc (a,Ci(Z)) — -> WH k (a, C e {F)) 
is an isomorphism, and thus that j* = (l*)^ 1 o (t* o j*) is an isomorphism as well. □ 



Proof of Theorem 15 We proceed by induction on the depth of X, the base case being that 



of a smooth manifold, where the theorem is trivial. Assume that Theorem 15 is proven for 
foliated cusp metrics of depth not greater than 5 — 1 and that S(X) = 5. 



Let q G X n _j + i — and choose a regular neighborhood as described in Lemma 12 

U ~ V x C X {L). By Proposition fill we need to show that WH k (a,U) ~ WH k {a,C 1 {L)) is 



isomorphic to IH k a+ ^^(U) ~ IH k a+ ^ 2 ^(Ci(L)). In a moment, we will show that 

(30) IH k a+f/2] {C x {L)) - IH k a+f/2] (L). 

Since the depth of L is smaller than that of X, we have by our induction hypothesis that 

(31) IH k a+f/2] (L) = WH k (a,L). 



Thus, it suffices, thanks to (30), to show that the inclusion i: L — > C\(L) induces an 



isomorphism in weighted cohomology. To see this, consider the commutative diagram 
(32) WH k (a, d(L)) -^-v WH k (a, L) 



WH k (a, Ci(L)) WH k (a, L). 

The upward and downward pointing maps are, respectively, the pullback via the projection 
and the averaging map, and they are injective and surjective, respectively. In fact, the images 
of the upward pointing maps are exactly the T-invariant elements of the cohomology (i.e. 



those which can be represented by T-invariant forms.) By Lemma 18, we know that j* is an 



isomorphism, and it obviously identifies the T-invariant elements in the two groups. Since 
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these are exactly the images of the upward pointing maps, commutativity shows that i* is 
an isomorphism as well and the theorem holds for X. 



To see that (30) holds, note that using (J31J), (32), and Lemma |18| we have 
IH* a+f/2] (L) ~ WH\a,L) ^ WH k (a,L) ~ WH k (a,C e (F)). 
In degree k > £ — 1 — p(£), the latter is zero by ( plj ) and 

pW<p(/ + i) + ^-(/ + i) =^ e-l-p(£)>-a + f/2, 



so (30) follows from (14) in Proposition 
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Using a similar approach by induction on the depth together with Proposition 14 



□ 



one can 



show the following result about the intersection cohomology of orbifolds. This is well-known, 
but since we were unable to find a reference, we include a proof for completeness. 

Theorem 19. The intersection cohomology of a compact orbifold B is independent of the 
choice of standard perversity p and is given by singular cohomology (with real coefficients) , 

IH*JB) = H k (B;R). 



Proof. Really, we will show intersection cohomology is given by the (orbifold) de Rham 
cohomology, which is identified with the singular cohomology (with real coefficients). We 
will proceed by induction on the depth of the orbifold. For an orbifold of depth 0, the 
result is trivial. Thus, assume the result is true for compact orbifolds of depth less than 
5 and suppose B is a compact orbifold of depth 5. Let Q* be the complex of sheaves of 
smooth orbifold forms on B. For a point b G B, we can find a neighborhood of the form 
U = M k x Ci(L), where L is an orbifold of depth less than the one of B obtained by taking 
the quotient of the sphere S>^ -1 by the smooth action of some finite group T, L = S /r. 
Since U is contractible, we have that 

(33) H\ST(U)) = { * = 

On the other hand, by our induction hypothesis, the result holds on L = S e ~ 1 /T, so that 

(34) IH k {L) = H k {tt*{L)) = 
Since 



K; k = 0,£-l, 
0, otherwise. 



p(£) > £-l-p(£) <£-!, 



we thus see that we can rewrite ( 33 ) as 

(35) ir-\-_^ 



Since b e B was arbitrary, we conclude by Proposition 14 that H k (Q*(B)) = IH k (B) for all 



p 

□ 



k, completing the inductive step. 

Notice in particular that this implies the following known fact about orbifolds, cf . [7] . 

Corollary 20. Poincare duality holds for the singular cohomology with real coefficients of a 
compact oriented orbifold. 
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4. From weighted cohomology to L 2 cohomology. 

In this section we will finally make use of the assumption that J 7 is a good Seifert fibration 
as in Definition [TT1 

Let Djr = d + 5jr be the Hodge-deRham operator associated to an exact foliated boundary 
metric gj- on M. Let also Dj-_ c denote the Hodge-deRham operator associated to the 
conformally related exact foliated cusp metric gj- c = x 2 gj-. To construct parametrices for 
these operators, we will make use of their restrictions to the tubular neighborhood dM x 
[0, e) x . Denote by Dj- := q*Dj- and Dj-_ c := q*Djr_ c the pull-back of these restrictions 
under the quotient map q: dM x [0,e) x — > dM x [0,e) x . Clearly, Dj- and Dj-_ c are the 
Hodge-deRham operators associated to the pull-back metrics q*gj- and q*gj-- c - They are 
T-invariant. This suggests the parametrix construction of [H] (see also [27] ) can be used to 
obtain a parametrix for Dj- and Dj-_ c . 

We must first introduce some notation. All of the various spaces of differential forms in 
[T4"j have analogues on spaces with foliated boundaries, which can be defined by lifting via q. 
For example, we define the space Q*p(M) to be the space of smooth forms on M which, when 
restricted to dM x (0, |), pull back via q% to lie in the space fl*j- b (dM x [0, e) x ) in Section 5.1 
of [H]. The same goes for the spaces of conormal distributions of degree k, A*Qj-(M) and 
polyhomogeneous forms A* hg £lj-(M). We then have, for example, the complexes 

(36) ■ ■ ■ 4 x a A*n k (gj-, U) 4 x a+l A*n k+ \gj-, U) A ■ ■ ■ . 
and 

(37) • • ■ 4 x a A*Q k (g^ c , U) 4 x a A*n h+ \g^ c , U) 4 ■ • - , 

and as described in section 2.5 of [H], the cohomologies of these two complexes are naturally 



isomorphic to the corresponding weighted L 2 cohomologies in (15) and (17). The same is 
true for the polyhomogeneous spaces. 

Let Ho be the family of projections onto the space of harmonic forms for the family of 
Hodge-deRham operators Dj, associated to the family of metrics k on the fibres of 7? : dM — > 
B. Let be the orthogonal complement of this family. 

Definition 21. We define x a+1 Yl L 2 Qj-(M) © x a Il ± L 2 Q*jr{M) to be the space of currents 
on M which are in L 2 when restricted to M \ (dM x [0, |)) and are such that their re- 
strictions to dM x [0, e) x pull back under the quotient map q^ to give elements in the space 
x a+l Yi Q L 2 VL* fb (dM x [0, e) x ) © x a Yi ± L 2 Vt* fb (dM x [0,6^) defined in [H]. The spaces 



x 



a-l 



UqH^^M) © x a nxH x n* T {M), 



(38) x a n L 2 fi>_ c (M) © x a - 1 n L L 2 fi; r _ c (M) and 

x^oH^^M) © x a+1 Il±H 1 Q* F (M) 

are defined in a similar way. 

In order to use the work in Section 5 of [2] directly, we must make one additional as- 
sumption, namely that the pullback q*gj-_ c is exact, i.e. of the form ^ from the intro- 
duction, and that for fixed x = e, the fibre metric k annihilates the orthocomplement of 
TF C (TdM, gj-_ c \ x=e ). As described in [23], § 8], such a metric is easily constructed. 
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Proposition 22. Suppose that a is not an indicial root for Uqx^^^DjtIIq. Then 
D T : x a H 1 T {M) -> x a+1 U L 2 n* T (M) © x a Il ± L 2 tt* T (M) 

and 

D T : x a - 1 U H 1 Q* F (M)®x a U ± H 1 Q* F {M) -> x a L 2 Q* F {M) 
are Fredholm. If Djruo = 0, then u is polyhomogeneous with exponents in its expansion 
determined by the indicial roots ofllox^Djrllo, while if r] G A a fl*jr(M), ( G x^ILqH 1 ^ © 
x c Yl L H l n* T (M) forc<a and rj = D T (, then ( G n ^ hg ^(M) + A a Vt* T (M). 

Proof. When the foliation J 7 is a fibration, this is just [HI Proposition 16]. To obtain the 
result in the foliated case, we can apply the construction of [H] to the operator Dj near 
dM to obtain a parametrix Gj. By averaging with T if necessary, we can assume Gj is 
T-invariant. This means (see for instance [23]) that Gj descends to an operator q*Gjr on 
dM x [0, e) x . This can be combined with a parametrix of Djr in the interior of M to obtain 
a global parametrix Gjr of Dj?, from which the result follows. □ 

Using a similar approach, we also obtained the following generalization of [HI Proposi- 
tion 17]. 

Proposition 23. Suppose that a is not an indicial root for no-Dj-_ c n . Then 

D^ c : x a H\__ c (M) -> x a U L 2 n* T _ c (M) © x a ' l n ± L 2 n%_ c (M) 

is Fredholm. If a + 1 is not an indicial root, then 

Df_ c : x a U Q R x Sl* T _ c {M ) © x^Tl^n^M) x a L 2 n*^ c (M) 

is Fredholm. If Djr_ c u = 0, then u is polyhomogeneous with exponents in its expansion 
determined by the indicial roots ofHoDjr_ c IlQ, while if r] G A a VL*- F _ c (M) , ( G x c YIqH 1 VL*- f _ c © 
x c+l Tl L H l n* T _ c {M) forc<a and r] = D T - C (, then ( G n ^ hg fi>_ c (M) + A a Vt* T _ c (M). 

With these results, we can now relate L 2 -harmonic forms with weighted L 2 -cohomology. 

Theorem 24. If (M, g?) is a manifold with a foliated boundary metric such that the boundary 
foliation is a good Seifert fibration (see Definition 11), then for every k there is a natural 
isomorphism 

(39) : L 2 U k {M,g T ) lm(WH k (M, g T , e ) WH k (M, g T , -e )) 
/or eo > sufficiently small. 

Proof. Thanks to Proposition 22 the proof is a straightforward adaptation of the proof 
of [T4l Theorem 1C]. First, if u G L 2 "H fc (M, ojr), then by Proposition 22, we know u> is 
polyhomogeneous, so in particular is in x e ° L 2 Qjr(M) for some small eo > 0. This gives the 
mapping (39). If ^(u) = 0, then u = d( for some C G x- t °L 2 Q k T l (M). As described ab ove, 
we can choose ( to be polyhomogeneous. Then 

(40) ||w|| 2 = / d(A*u= d(C A *a;) = lim / ( A*u = -r^-lim q*(A*q*u. 

JM Jm x ^°JdMx{x} |T| x ^°JdMx{x} 

The latter goes to zero exactly as shown in |14j . 

To establish surjectivity, we note that thanks to Proposition 22, the space of L 2 -harmonic 
forms L 2 "H*(M) can be identified with the cokernel of the map 

Djr: rr~ eo " 1 n fl' 1 n>(M) © x~ f °H.±.H 1 ^' T {M) -»■ x~ e ° L 2 VL* T (M) 
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for eo > small enough. This means that x~ eo L 2 Q*p(M) is equal to 

(41) Im (Dp: x^^H^^M) © x~ e °U±H 1 Q* J :(M) -> x~ e ° L 2 VL* F (M)) © L 2 U*{M). 

Thus, suppose 77 G x e ° L 2 Q^(M) is a representative for a class in the space on the right of 
(39). Again, we choose rj to be polyhomogeneous. According to (41), the form rj can be 
rewritten as 

v = D F C + 7, C e z^^IIo^nXM) © x^lUtf^M), 7 G L 2 H*(M). 
Restricting this identity to the collar neighborhood dM x [0, e) x and pulling it back to 
dM x [0, e) x via the quotient map q, we use the same argument as in [TJ] to conclude that 



OJ 6-1 // r 0b+l 

C = Co + C , withC , G^"^(^) and Co ( + — A ^ 



b-l 



X 2 X X 2 

where , g*/3b+i G kerO. Here, D is the operator defined in [H] for the metric q*gr- 

This can be used to show, as in [2], that ||5CI| 2 = using integration by parts. Thus, 5( = 
and consequently we have that 

rj = d( + 7. 

This shows that the cohomology class represented by r] is in the image of the map (39), 
establishing surjectivity. 

□ 



Using Proposition 23 instead of Proposition 22 and adapting the proof of [HI Theorem 2C] 
in a straightforward manner, we obtain also the following. 

Theorem 25. If (M, g^-c) is a manifold with a foliated cusp metric such that the boundary 
foliation is a good Seifert fibration (see Definition 11), then for every k there is a natural 
isomorphism 

(42) L 2 Uy c {M) -> lm(WH k (M, g T _ c , e ) -> WH k (M, g T . c , -e )) 
for eo > sufficiently small. 

5. Proofs of main theorems 

Exactly as in [T4"l §5.5], Theorems [l] and [2] follow directly from Theorem 15 in light of 
Theorems 24 and 25 For example, for foliated cusp metrics, combining (42) and (19) gives 

(43) L 2 U k T _ c {M) ~ Im(/4 +//2] (M) Iiff_ e+//2] (M)), 

for e > sufficiently small. These are exactly the lower and upper middle perversities, 

BC/ + 1) = { f f . ° dd ' H(/+l) = { f. f . ° dd ' 
[ I / even, It - -'- / even. 

The proof of Theorem [l] is similar using (18). 

For Theorem [3j recall that the Witt condition is simply the assumption that for any link 
L in a regular neighborhood, if L is even dimensional, then the intersection cohomology 

(44) /^ mL/2 (L) = 0. 

In our case, a necessary and sufficient condition to insure that the space X is Witt is to 

/ — 

require that H^{F) = (if / is even). Indeed, the condition is necessary since, thanks to 
the fact the base B is chosen to be an effective orbifold, the link of the regular neighborhoods 
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is F for most of the points on B. To see that the condition is sufficient, notice that if L is even 
and Hz(F) = 0, then (27) and the map I£^ mL/,2 (L) <^-> IH^ mL ^ 2 (L) from (32) induces an 
injective map IH^ mL/2 (L) ^ ZH^ mL/2 (C r i(F)), and IH^ 1 ' 2 ^^)) is easily seen to be by 
Proposition [l4 and the fact dimL > /. Therefore, since either / is odd or Hi(F) = in the 
Witt case, we can just apply Theorem 15 with a = to obtain H? 2 JM, Qt-c) — IH^(X,B). 
By Corollary 16 we also know that the differential in the L 2 -complex is closed, so that the 
L 2 -cohomology is also naturally identified with the space of L 2 -harmonic forms, completing 
the proof of Theorem [3j In particular, notice that this does not require the Seifert fibration 
T to be good. 



6. Example: a quotient of a multi-Taub-NUT space 

We will now verify Theorem [T] directly for a simple example: a quotient of a multi-Taub- 
NUT space. These are asymptotically locally flat (ALF) gravitational instantons of type 
v4jt_i first written down in [10J. Such a manifold, M, contains k points pi, . . . ,Pk such that 
M — {pi, . . . ,pk} is diffeomorphic to a circle bundle over M. 3 — {z\, . . . , z k } of degree —1 near 
each zi. The metric is 

g \ LF = V (dxj + dx\ + dxl) + V' 1 (d6 + a) 2 , 
where 9 is the variable on S 1 , a = *dV, and 

k 1 

V(z) = l + 

We will assume that the Z{ lie at the points (cos(27r/fc),sin(27r//c), 0). The map defined by 

(xi,x 2 ,x 3 ) i — y (cos(2n/k)xi,sm{27T/k)x2,x 3 ) 

generates an action of C SO(3) on M. 3 which acts freely on the monopole points Zi, . . . , z^. 
As explained in [2Hl p.106], see also [T6"| Proposition 2.7], this action of can be lifted to 
an action on M by isometries. The lifted action is not unique, but it is once we specify the 
action of on the S 1 fiber above the origin in IR 3 , see again p. 106]. In order for Z^ to 
act freely on M, we will require that the action on the S 1 fibre above the origin is the one 
were the generator 1 G Z& acts by multiplication by . 

For this free action of Z& by isometries on M, we will now verify explicitly that Corollary [4] 
holds for M/Zfc in degree 2, i.e. that 

(45) L 2 H 2 (M/Z k )~H 2 (X/Z k ). 

The space L 2 "H 2 (M) is given explicitly in [24] by Qi = d£i, 1 < i < k, where 

Vi 2m 

& = aci — 77 (d6 + a) , Vi — ; r? an d doti = *dVi. 

V \x — pi\ 

The space L 2 "H 2 (M/Zfc) is isomorphic to the space of Z^-invariant L 2 harmonic forms on M, 
which is the one- dimensional space generated by £ l= i°i- Thus L 2 U 2 {M/Z k ) ~ R. 

Now we compute H 2 (X). As described in [T3], the inverse image via M — {p 1; . . . ,p k } — > 
IR 3 — {zi, . . . , z k } of the straight line connecting Zi to Zj is a nontrivial class in H 2 (M) ~ IR fc_1 . 
Let 7i,i = 1, ...,k — 1, denote the Poincare dual of the class corresponding to the line 
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connecting Zi to Zi+%, and 7^ that for the line from Zk to Z\. Then 71, ... , 7^_i form a basis 
for H 2 (M), and, if k > 2 the intersections numbers are 

7- = -2, 
7i • 7j = 1 if i - j = ±1 (mod k), 
li ■ 7i = otherwise. 

From this, one can easily check that the intersection pairing is negative definite on H 2 (M) 
and that 

k 

(46) I> = - 

i=i 

in cohomology. If A; = 2, 71 = —72 by definition. If r is the radial coordinate on IR 3 , then 
the set {r > R} for sufficiently large i? is diffeomorphic to the total space of the fibre bundle 
S 1 — > S 3 /Ij k — )• S 2 of degree k crossed with (R, 00) r . The space X is a smooth manifold, 
obtained by compactifying M to M so that the fibre bundle S 3 /7*k forms the boundary and 
then collapsing the fibres onto the base. Thus X — M ~ S* 2 and this is exactly B from 
above. We claim that the de Rham cohomology of X satisfies H dR (X) ~ IR fc where a basis 
is given by the ji, i = 1, . . . , k — 1, and the Poincare dual of B, call it 7. Indeed, we use the 
Mayer- Vietoris sequence for the open cover U = {r > R} and V = {r < R + e}. The set 
U H V deformation retracts onto S ,3 /Z/ c , which has trivial cohomology in degrees 1 and 2. 
Thus 

H 2 dR {X)^H 2 dR {U)®H 2 dR {V). 

Since V is diffeomorphic to M (and thus has the same homology), and since U deformation 
retracts onto S 2 , this proves our claim. The de Rham cohomology of the orbifold XfL^ is 
identified by definition with the Z^-invariant part of the de Rham cohomology of X, and it 



is isomorphic to the singular cohomology of X/Z^, modulo torsion. By (46), the 7i's have no 
Zfc-invariant part. On the other hand, 7 is Z^-invariant, so the space of Z^-invariant de Rham 
classes is one dimensional, and thus the singular cohomology of X/Z& is one dimensional and 



(|45J) holds. 
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